Spontaneous emission enhancement is theoretically investigated in multiperiodic metal-dielectric multilayers (multiperiodic hyperboliclike metamaterials or photonic hypercrystals) where the unit cell consists of two layers of different dielectrics alternating with identical metallic layers. It is shown that the Purcell factor in such multiperiodic structures exceeds the Purcell factor in ordinary periodic hyperbolic or plasmonic metamaterials by a factor of 4, which in general makes it possible to maximize interaction between emitting centers and nearby plasmonic structures. This enhancement is numerically characterized and shown to be related to the interplay between surface and volume plasmonic excitations in the multilayer metamaterial. We separately identify the influence of proximity between the emitter and the closest metal-dielectric boundary (including the quenching effect and the enhanced coupling of the dipole radiation and surface plasmon polaritons) and the effects related to the structural composition of the hypercrystal. The Purcell-factor modification brought about by placing a cavity layer into a multiperiodic structure was also characterized.
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I. INTRODUCTION
Metamaterials, or artificially engineered nanocomposites, have become a very popular subject of research in the last decade, because these structures can provide electromagnetic properties that occur in natural materials rarely or not at all [1] [2] [3] . Within the concept of metamaterials one can realize negative refraction [4, 5] , giant optical activity [6] , anomalous birefringence [7] , ultrahigh Purcell-factor values [8, 9] , and optical axis precession dependent on the wave vector [10] . In particular, interest in such structures has increased dramatically with the progress in the field of nanostructure fabrication (see review [11] for more details and references).
Metamaterial realization of indefinite media, which are extremely anisotropic media with permittivity tensor components having different signs, are especially interesting for several reasons. On the one hand, these realizations, also called hyperbolic metamaterials (HMM) based on the fact that they feature hyperboloid-shaped isofrequency surfaces in their dispersion relation [11] [12] [13] [14] [15] [16] , enable propagation of waves with anomalously large wave vectors (arbitrarily large in the ideal case). Such "high-k" waves, evanescent in conventional materials but propagating in hyperbolic metamaterials, are special because their wavelengths, equal to 2π/k, can be extremely short, so these waves can constitute subwavelength carriers of information. This property is applied in the idea of a hyperlens for image transmission with subwavelength resolution in the far field [17] . In addition, the existence of these high-k waves leads to an increase of the density of photonic states in these structures, in turn leading to effects such as strong and broadband spontaneous emission enhancement [8, 18, 19] , reduction of the surface plasmon lasing threshold [20] , slow light [21, 22] , enhancement of absorption [23] and nonlinearity [24, 25] , and anomalous heat transfer beyond the Stefan-Boltzmann limit [26] [27] [28] .
On the other hand, hyperbolic metamaterials can be practically realized using relatively simple structures such as an array of nanorods embedded in the substrate material [29] [30] [31] [32] or a metal-dielectric multilayer [33] [34] [35] . Propagation of high-k waves in the hyperbolic medium has been clearly shown in [36, 37] . As the characteristic size of the unit cell in hyperbolic metamaterials is much smaller than the wavelength of radiation in vacuum, one would expect that they can be described using the effective medium model, where the electromagnetic response is determined by the averaged properties of the composite rather than by the parameters of its individual elements, at least for wave vectors below the maximum values imposed by the finite size of the rods and layers [9, 18] . However, recent studies showed that the effective medium approach in hyperbolic metamaterials breaks much sooner. The reason is that waves with large wave vectors propagating in the metamaterial in question have a wavelength much smaller than the wavelength in a vacuum, which modifies the limits of applicability of the effective medium model [38, 39] .
It was also shown that one can restore the validity of the effective medium approach by introducing nonlocal effective medium parameters [40] . However, whether it is through the nonlocal effects [40, 41] or through the photonic band-gap effects [38] , it turns out that the geometric structure of a metamaterial's unit cell becomes very important in defining the metamaterial's optical properties. Therefore it becomes possible to control the propagation of high-k waves in hyperbolic metamaterials by making the unit cell more complex. For example, in multilayer structures one can move from a simple metal-dielectric bilayer to a unit cell containing more layers. Such a change affects the effective medium parameters only weakly, but the metamaterial properties are found to change drastically. In a recent paper [42] we systematically studied the properties of such multiperiodic hyperbolic metamaterials with unit cells containing more than one type of metal or dielectric [see Fig. 1(a) ]. We showed that multiperiodicity provides a way for engineering the metamaterial's response in the wave-vector space.
Such multiperiodic hyperbolic metamaterials can be regarded as periodic metamaterials with an additional level of structuring, which have been recently introduced as multiscale hyperbolic metamaterials [43] or, slightly later, photonic hypercrystals [44, 45] ; the latter term suggests that a close relationship to photonic crystals makes it possible to transfer the well-studied photonic band-gap effects in complex multilayers [46] to plasmonic metamaterials. Specifically, it was shown that changing the metamaterial topology from periodic to multiperiodic and introducing photonic-crystallike features such as cavities [see Figs. 1(a) and 1(b)] can lead to unprecedented control both over bulk high-k waves [43] and over surface waves [45] . It was also shown that multilayer structures support both resonant and nonresonant highpropagation wave vectors [47] , and that resonant excitations are accompanied by slow energy propagation, which brings about an additional increase of the Purcell factor [48] .
These results suggest that even though multilayered hyperbolic metamaterials have been rather well studied, there are many questions left to be answered once we depart from the simple alternating metal-dielectric stack in favor of a more complicated topology. One such question is the influence of the topology on the density of photonic states, and in turn, on spontaneous emission enhancement (Purcell factor) for an emitter embedded in a hyperbolic metamaterial. It was already determined that the Purcell enhancement can be very high for a simple metal-insulator-metal (MIM) structure with an ultrathin gap layer [47, [49] [50] [51] ; such enhancement is expected to persist when ultrathin constituent layers are present in a metamaterial setting. Moreover, the behavior of an emitter in a periodic metamaterial shows a strong dependence on the exact position of the emitter within a multilayer [9] . Therefore, studying the behavior of emitters in metamaterials with a complex multilayer topology is likely to reveal interesting effects, similar to the known strong density of states modification in photonic multilayers; this field has been a subject of avid research interest lately [1] .
In this paper, we systematically characterize multiperiodic hyperbolic metamaterial structures and determine the Purcell factor for different placements of the emitter within them. Following the approach of [42] , we focus on the biperiodic structure with the unit cell consisting of four layers: two layers of different dielectrics alternating with two similar metallic layers. We show that the dipole radiation of the emitter primarily couples to surface plasmon polaritons at the nearest metal-dielectric boundaries. However, the enhancement of the Purcell effect pertaining to the global geometrical properties of the structure is demonstrated and is apparently related to the interplay between surface and volume plasmonic excitations in the multilayer metamaterial. Hence, we show that multiperiodicity not only leads to spectral redistribution of the Purcell factor, but also enhances the spontaneous emission of an embedded dipole emitter beyond what is achievable in a regular periodic metal-dielectric structure. Therefore, increasing the complexity of the metamaterial topology is shown to be an alternative method of increasing the Purcell factor complementary to the known effect of decreasing the dielectric layer thicknesses previously demonstrated in MIM structures [52] .
The paper is organized as follows. Section II is devoted to the description of the parameters of considered structures, as well as the problem formulation. In Sec. III we present the investigation of the Purcell factor in biperiodic hyperbolic metamaterials. We focus on the dependence of the Purcell factor on the permittivity of the dielectric layers in the structure, as well as on the emitter's position within the dielectric layers. Section IV describes the behavior of the Purcell factor in biperiodic structures with a cavity layer. Finally, Sec. V summarizes the paper.
II. STRUCTURES AND METHODS
Following the approach in [42] , we define multiperiodic structures as metal-dielectric multilayers where the unit cell contains more than one type of plasmonic interface. One means to achieve this is to compose the unit cell of four layers denoted MBMA, where two layers made of a metal (denoted M, with thickness d m and permittivity ε m (ω) varying according to the Drude model) alternate with two dielectric layers made of different dielectrics (denoted A and B with thicknesses d A,B and permittivities ε A,B ), as shown in Fig. 1(a) . The structure's effective permittivity components can be determined using the standard quasistatic homogenization (see [11] for details):
If ε and ε ⊥ have different signs, we call such a structure a multiperiodic hyperbolic metamaterial. We note here that the term "hyperbolic" should be regarded only as a labeling term, since the effective medium approximation as used in Eqs. (1) and (2) is often inaccurate for complex plasmonic multilayers [53] . Moreover, in many cases a metamaterial that does not effectively have a hyperbolic dispersion (i.e., for which the product ε ε ⊥ has a positive real part) still possesses many of the features that were originally attributed to hyperbolic metamaterials, such as the existence of high-k plasmonic modes [9, 39] and strong spontaneous emission enhancement [54] . As opposed to the previous study [42] where considering infinite multiperiodic multilayers was necessary to determine 033855-2 their dispersion relations, we calculate the Purcell factor in finite-sized multilayers in order to bring the problem closer to a possible experimental realization; such a structure with N periods can be symbolically represented as (MBMA)
N . In addition to these structures, which we call regular since there are no geometrical features in them except multiperiodicity itself, we consider modified structures created by introducing a cavity (or defect), or in other words, by replacing one of the MBMA periods by MCMA, where C denotes a cavity layer of thickness d C and permittivity ε C = ε B . The entire structure can then be coded as (MBMA) M (MCMA)(MBMA) N−M−1 . These structures are shown in Fig. 1(b) .
Following the analysis in [43] , we expect that the multiperiodicity will introduce a photonic band gap for high-k waves, and adding a cavity layer will create a resonant state within that band gap and localize the energy of a bulk plasmonic wave. The goal of the present investigation is to find out whether, and to what extent, this modification of the high-k wave-vector domain will affect spontaneous emission enhancement for an emitter embedded in various locations in the structure.
In order to do so, we numerically calculate the Purcell factor of an electric dipole emitter oriented along the y axis and placed in a certain point r 0 . The calculation is based on the induced impedance numerical method [55] , and in particular, on the relationship
where P rad , R in , and G yy are, respectively, the radiated power, the input impedance of the dipole, and the Green's function in the presence of the structure, whereas P are the same quantities in free space. Hence the Purcell factor f = P rad /P 0 rad can be derived from the input impedance of the dipole R in , which is directly computed in the CST MICROWAVE STUDIO package [55] .
This method was shown to be applicable to the Purcellfactor calculation in a variety of frequency ranges, i.e., from radio to optics [55, 56] . More importantly, this method can be applied to structures with complex geometry and finite dimensions, where analytic approaches do not work.
The structures under study contain N = 10 periods with each layer measuring W = 700 nm in x and y directions. This way, a spatially finite structure in all directions is simulated. The lateral size of the structure W was confirmed to be sufficiently large that the dipole placed at x = y = 0 is not sensitive to the exact values of W , so that the chosen structure, while remaining practically relevant, enables direct comparison to the previously obtained results for the spatially infinite metamaterial.
III. PURCELL EFFECT IN REGULAR MULTIPERIODIC STRUCTURES
We first consider regular structures as shown in Fig. 1 (a) and investigate the effect on the Purcell factor introduced by multiperiodicity. The point emitter is placed in the middle of the central layer, which is of type B (see inset in Fig. 2) .
We first keep the permittivity of the dielectric layers A constant (ε A = 3.0) and vary the permittivity of dielectric in layers B, in one of which the emitter is located. Namely, ε B is set to vary from 1.8 to 4.6; the case ε B = 3.0 = ε A corresponds to the conventional periodic hyperbolic metamaterials in the absence of multiperiodicity. The results are shown in Figs. 2(a) and 2(b) . As one can see, even a minor degree of multiperiodicity (ε B = 3.4) significantly modifies the Purcell factor, introducing two enhancement regions compared to only one region for ε B = 3.0. A further increase of ε B results in the shift of both enhancement regions towards longer wavelengths, with the lower-frequency enhancement region shifting more prominently, so that the gap between the two regions widens. Simultaneously, the peak value of the Purcell factor becomes much greater. Note that the Purcell-factor peak magnitude does not exhibit any marked preference with respect to ε B (where the emitter is placed), contrary to the expectation that it would be higher for an emitter placed in an optically denser environment; for instance, the Purcell factors for ε B = 2. to a splitting of the region of the enhanced spontaneous emission into two regions separated by a gap. Since we are now modifying the permittivity of the layers that do not contain the emitter, the increase of the peak value of the Purcell factor as one decreases ε A from 4.6 to 3.0 can be attributed to the characteristic of the entire metamaterial rather than just the immediate vicinity of the emitter. For both cases in Fig. 2 , we can thus observe that the multiperiodic hyperbolic metamaterials are able to enhance the spontaneous emission of an embedded dipole beyond ordinary hyperbolic metamaterials based on periodic multilayers.
To explain the observed changes in the Purcell factor, we analyze plasmonic excitations in the considered multilayer structure in more detail. Figure 3(a) shows an example dispersion relation of bulk plasmonic modes in the biperiodic structure with ε A = 3, ε B = 4.6, and calculations are done without taking metal losses into account for simplicity. These modes come from the hybridization of surface plasmon polariton (SPP) excitations [39] on multiple metal-dielectric interfaces. We see that for very large values of the tangential wave vector k , the coupling between surface plasmons in different unit cells of the multilayer becomes strongly suppressed, and the bulk modes are seen to converge to the two SPP modes at individual M-A and M-B interfaces (labeled SPP-A and SPP-B, respectively), since there are two different plasmonic interfaces in the biperiodic structure [42] . The corresponding resonant frequencies ν spA,spB are determined by
at which the dielectric and metal permittivities are opposite, so that SPPs with high k can be excited:
In addition to SPPs, the structure supports volume plasmons (VPs) at the frequency determined by the condition ε = 0 and given by (for more details see [42] )
Figures 3(b) and 3(c) correspond to the structures considered in Fig. 2 , with two-dimensional maps showing the extended version of the dependence of the Purcell factor on frequency and ε A,B overlaid with the spectral position of the three modes SPP-A, SPP-B, and VP. We see that the peaks in the Purcell factor correspond to these identified plasmonic modes. The peak associated with the excitation of surface plasmon at the M-B interface (SPP-B) is always much stronger than the peaks for SPP-A and volume plasmon. This means that the emitter radiation goes primarily to the SPP-B mode, which is reasonable because for an emitter placed in a B layer, this mode is the easiest to couple into.
However, we also see features pertaining to the entire structure rather than just the immediate surroundings of the emitter. The most striking one is that the Purcell factor in the peak associated with SPP-B decreases once ε A ≈ ε B and greatly increases as the two SPP peaks become more separated from each other. We also see that the increase of the Purcell factor is markedly stronger when the SPP-B branch approaches the VP branch. This is most probably the effect of lower effective ε , which results in a more extended isofrequency contour in the k space, and consequently, in the increased photonic density of states [54] . However, this can also be interpreted as the interplay between surface and volume plasmons.
We can see the manifestation of the three modes in the Purcell spectra. For varying ε B , the VP peak is discernible for ε B < ε A at approximately 500-550 THz for, e.g., ε B = 2.2 in Figs. 2(a) and 3(b) . In contrast, this peak is not pronounced for ε B > ε A . For the SPP-A peak the behavior is opposite: there is no peak for ε B < ε A (e.g., at ε B = 2.2 at 600 THz), but it appears for ε B > ε A . For the other case, i.e., when ε A is varied but the emitter is in layer B, the behavior is essentially similar. Disappearing SPP-A-and VP-associated peaks for ε A ≈ ε B also confirms that the more these two SPP peaks are separated from each other, the higher the peak Purcell factor turns out to be.
In Fig. 4 , we further investigate the effect of the emitter position in the structure on the spontaneous emission enhancement properties. To do so, we calculate the spectral dependencies of the Purcell factor for the different positions of the emitter, either across the central B layer or across the neighboring A layer in the same unit cell. (Since we consider the emitter to be a point dipole, we restrict ourselves to placing it in the dielectric layers to avoid singularities.) The emitter is shifted along the z axis from the center of the respective layer by a varying distance d in (see inset in Fig. 4) . We show the results for the biperiodic structures with two different values of λ p for the metal, and for d in varying from 0 to 8 nm.
It can be seen that the Purcell factor increases dramatically when the emitter gets closer to the metallic layer, sometimes increasing from 280 to 560 with displacement of the emitter by as little as 2 nm. One can also see that the type of layer where the emitter is embedded affects the frequency of the Purcell-factor peak in accordance with the observations in Figs. 2 and 3 . Finally, by comparing Figs. 4(a) and 4(b) we can see that changing the properties of the metal also affects the spectral location of both peaks in the Purcell factor, again by virtue of changing the frequency of the surface plasmon polariton excitation at the nearest metal-dielectric interface.
It is important to distinguish the increase of the Purcell factor attributable to the coupling of emitted light to plasmonic excitations (radiative decay channel) and the well-known quenching effect, which is caused by nonradiative energy transfer and is considered as an undesirable energy loss. Both channels have complicated dependencies on the distance between the emitter and the metal surface, which are defined by electromagnetic fields, e.g., mode profile, light polarization, whether the emitter is an electric or a magnetic dipole, etc. Some simple cases were studied in the literature in detail. For instance, for an electric dipole close to a single metal-dielectric interface, the Purcell enhancement caused by plasmon emission exponentially depends on the emitter-metal distance. In contrast, in the quenching regime, the Purcell factor scales as 1/a 3 , where a is the characteristic distance between the emitter and the metal surface [49, 57] . However, for a magnetic dipole close to a flat metal surface, the situation is different: the Purcell factor with a nonradiative decay depends as 1/a on the distance to the surface [57] . In particular, it means that for a magnetic dipole, the radiative channel can dominate even for sub-10-nm distance where electric dipole radiation would be completely quenched [58] . For an electric dipole on top of a negative-index metamaterial waveguide with slow light, the scaling law 1/a 1.5 was empirically found [48] . Even more complex dependencies on structural parameters have been found out for the Purcell factor of an emitter in tiny metal-insulator-metal gaps [59] . The dominating effect among radiative and nonradiative decay channels is primarily defined by the distance between the emitter and the metal surface h; however, the spatial profile of the plasmon mode itself also plays a very important role. On the one hand, the quenching effect was shown to dominate when the emitter is at distances h < 5 nm to metal in a metal-dielectric-metal structure with dielectric layer thickness H = 30 nm [60] . On the other hand, it was experimentally demonstrated that once H itself is below 5 nm, plasmon emission dominates [51] . It appears that reducing the gap thickness leads to an increased mode confinement and emitter-mode overlap, which in turn enhances the emission of the plasmons sufficiently to exceed the quenching effect.
Furthermore, different field components have different distributions for the same mode, and consequently, the interplay between radiative and nonradiative decay channels strongly depends on dipole polarization [61] . It was theoretically shown that radiative decay dominates for the electric dipole which is perpendicular to the metal layers with an H = 8 nm gap and that the emission is mostly quenched for the dipole along the metal layer in the same structure.
We note that the goal of the present work is to investigate the influence of HMM multiscaling on the Purcell factor of the emitter inside it, and the multilayer structure is chosen as a model of possible realization. Thus, the electric dipole under consideration is oriented along metal layers in order to suppress the excitation of surface plasmons and focus on the properties of the structure as a metamaterial.
Since HMM includes many layers, it supports propagating modes that populate a broader region in the wave-vector space than structures with only a few metal layers, such as a metal-insulator-metal structure. (In the limiting case, the number of layers is infinite and the resulting structure can have very different properties from the one containing a few layers.) Aside from high-propagation wave vectors, resonant bulk plasmon excitations in HMM are associated with slow energy propagation and an increase of Purcell factor because of it [48] . Finally, the field confinement is also very high in HMMs, so the question of whether plasmon coupling is stronger or weaker than quenching remains open. The answer may also nonmonotonically depend on the distance between the emitter and the closest metal layer. In Fig. 5 , we plot the peak value of the Purcell factor as a function of
is the thickness of the layer where the emitter is placed. We see that for small distances, the increase of the Purcell factor is steep, which means that quenching dominates for h 15 nm. At the same time, for large distances h 15 nm, the dependence is rather flat, which indicates the change of the regime and plasmon emission.
This also confirms that our analysis presented in Figs. 2 and 3 was carried out in the regime where quenching should not be dominant, as the dipole was placed in the middle of the dielectric layer having 37.5 nm thickness.
IV. PURCELL EFFECT IN MULTIPERIODIC STRUCTURES WITH CAVITY LAYER
In this section, we consider the structures with a cavity layer as shown in Fig. 1(b) , where the emitter is placed in the cavity layer and the thickness of that layer d C is varied. In doing so, we keep the emitter at a fixed distance, 0.25d B = 9.375 nm, from the nearest metal-dielectric interface in order to keep constant the dominating effect of that interface identified in the previous section.
Figure 6(a) shows the spectral dependencies of the Purcell factor for several values of d C between 30 and 45 nm in structures with λ p equal to 250 and 226 nm. We can see a general trend that the peak of the Purcell factor decreases when the cavity layer becomes thicker. The decrease is rather slight and achieves saturation above d C = 40 nm. This saturation character can be further confirmed by obtaining a continuous dependence of the Purcell factor on d C semianalytically by using a standard Green's function approach [9, 62] . In Fig. 6(b) , we see that nearly flat dependencies of the Purcell factor are observed for d C > 1.5d B .
This behavior confirms that the coupling between the emitter and the SPP mode at the nearest metal-dielectric interface is predominant; the dependence on d C is most likely caused by the presence of the second interface that moves closer to the emitter as d C decreases. The supposed influence of a localized bulk-plasmon mode present in the cavity layer [43] is not detected. The reason is that losses in metal strongly suppress hybridization of the SPP responsible for the bulk mode formation, as can be inferred from Fig. 3 . Therefore, the losses lower the quality factor of the resonator formed by the cavity layer so much that it becomes insufficient for the formation of a Fabry-Pérot resonant mode. This is consistent with the observation of Ref. [43] that gain compensation of ( ) for λ p = 226 nm at four characteristic dipole frequencies: to the left of the peak (500 THz), at the peak (560 THz), to the right of the peak (570 THz), and away from the peak (600 THz) obtained by using standard Green's function approach [9, 62] for the structure with infinite N . losses [63] was needed to observe the localized bulk mode in transmission-scenario experiments.
The dependence of the Purcell factor at a fixed frequency on d C /d B in the range below 1.5, as shown in Fig. 6(b) , can have different character depending on the choice of the frequency with respect to the location of the peak in Fig. 6(a) . It can change from an increasing function for frequencies below the peak to a generally decreasing dependence for frequencies above the peak to a sharp drop at frequencies further away from the peak. At the peak frequency, the function has a more complicated nonmonotonic nature, having a maximum for d C 0.75d B . These semianalytical calculations confirm the numerical simulation results of CST MICROWAVE STUDIO.
Finally, we compare the Purcell effect in biperiodic structures with and without a cavity layer for different cavity thickness d C and emitter placement within the cavity d in . Similar to the previous case, we have calculated the maximum values of the Purcell factor and analyzed their dependence on the distance to the nearest metal boundary, h (Fig. 7) . As we can see, the Purcell factor in the structures with d C > d B is less than in regular structures; this behavior persists for different λ p and is observed for all values of d in (see Fig. 7 ). On the other hand, the Purcell factor can be greatly increased in the structure with d C < d B (Fig. 8) . For the case d C = 0.8d B , which approximately corresponds to the maximum of the solid-line dependence in Fig. 6(b) , the Purcell factor is seen to increase by a factor of 3-9, depending on d in .
The comparison between regular and cavity-based biperiodic structures reveals that even though the cavity structures do not bring fundamentally new effects for our choice of parameters, the interplay between SPP excitations at different metal-dielectric boundaries can be significantly influenced by varying the cavity layer thickness. As a result, the enhancement of the Purcell effect stemming from the multiperiodicity (namely, from ε B = ε A , see Fig. 3 ) can be further controlled by the proper choice of the thickness of the layer containing the emitting center in question. 
V. CONCLUSIONS
We have theoretically studied the spontaneous emission enhancement (the Purcell effect) in biperiodic hyperboliclike metamaterials, i.e., periodic metal-dielectric multilayers where the odd-numbered dielectric layers have different dielectric permittivity from the even-numbered dielectric layers, resulting in a geometry that can be coded as (MAMB) N , where N is the number of periods. We have shown that the presence of multiperiodicity affects the spontaneous emission enhancement experienced by a point-dipole emitter placed in one of the dielectric layers, with the Purcell factors greater than in ordinary periodic hyperbolic metamaterial, and have characterized this additional enhancement with respect to the emitter placement and multilayer composition.
We have explicitly demonstrated that this Purcell-factor enhancement is primarily attributed to the surface excitation at the metal-dielectric interface closest to the emitter, which is the expected behavior for an emitter brought close to a metallic surface. Nevertheless, the degree of enhancement was found to be much stronger in multiperiodic structures where there are several distinct surface plasmon excitations compared to the regular periodic multilayers with only one kind of such SPP modes. Most likely, this behavior is due to the multiple-band character of the dispersion relation of the multiperiodic structures, so that a larger portion of the k space becomes populated by propagating states that the emitter can couple with. Another, related increase of the Purcell factor was observed close to the region where the effective permittivity reaches near-zero values, again because the dispersion relation becomes more extended in k space.
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We have also found out that structures with a "cavity" layer (i.e., with a layer whose thickness has been altered compared to the other layers of the same type) can bring about an additional Purcell-factor enhancement resulting from the interplay between surface plasmon excitations at the two metal-dielectric interfaces closest to the emitter.
We would like to point out that according to [47, 51, 52] , one can further increase the Purcell factor by decreasing the dielectric and metal layer thicknesses and choosing metals with lower losses. Nevertheless, the goal of this paper is to study the effect of multiperiodicity of HMM rather than to engineer a structure with maximum Purcell factor, so we have focused on the general properties of the structure under consideration and did not perform optimization.
The combined action of all the described enhancement mechanisms can cause the Purcell factor to be more than an order of magnitude stronger compared to what one would expect by naively treating the multilayer in the effective medium approximation, i.e., without regard for its internal structure. Besides improving our understanding of light-matter interaction in complex plasmonic metamaterials, our results show that plasmonic multilayers with an internal structure that is only slightly more complex than a simple alternation of metal and dielectric layers can be used to tailor such properties as spontaneous emission of embedded atoms with high versatility.
